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Abstract Interest rate futures are basic securities and at the same time highly
liquid traded objects. Despite this observation, most models of the term structure
of interest rate assume forward rates as primary elements. The processes of futures
prices are therefore endogenously determined in these models. In addition, in these
models hedging strategies are based on forward and/or spot contracts and only to a
limited extent on futures contracts. Inspired by the market model approach of for-
ward rates by Miltersen, Sandmann, and Sondermann (J Finance 52(1); 409–430,
1997), the starting point of this paper is a model of futures prices. Using, as the
input to the model, the prices of futures on interest related assets new no-arbitrage
restrictions on the volatility structure are derived. Moreover, these restrictions turn
out to prevent an application of a market model based on futures prices.

Keywords No-arbitrage restrictions · Term structure of interest rates ·
Interest rate futures · Change of measure

JEL Classification Number G13

K.R. Miltersen
Department of Finance and Operations Research, Norwegian School of Economics and Business
Administration, Helleveien 30, 5045 Bergen, Norway
E-mail: kristian.r.miltersen@nhh.no

J.A. Nielsen
Department of Mathematical Sciences, University of Aarhus, Bldg. 530, Ny Munkegade,
8000 Aarhus C, Denmark
E-mail: atsjan@imf.au.dk

K. Sandmann (B)
Department of Finance and Banking, University of Bonn, Adenauerallee 24-42,
53113 Bonn, Germany
E-mail: k.sandmann@uni-bonn.de



304 K.R. Miltersen et al.

1 Introduction

The aim of this paper is to establish and analyze the no-arbitrage conditions orig-
inating from a term structure of interest rate model where the exogenous inputs
consist of futures prices on zero coupon bonds, as well as the dynamics of these
futures prices. The earliest models of the term structure of interest rates appearing
in the literature were based on the short-term interest rate as the exogenously given
input. The no-arbitrage condition derived claims that the expected excess return
of a bond divided by its volatility should equal the market price of risk function
which is found to be independent of the maturity of the bond considered. Assum-
ing the latter function to be known, interest rate derivatives could then be priced.
This modelling was subsequently modified by increasing the set of inputs to the
model. First, the parameters of the stochastic differential equation were chosen
in such a manner that the model determined prices would be in accordance with
the observed prices of today. Second, the number of state variables were extended
without influencing the no-arbitrage implications on the drift and volatility terms.

A major step forward was made by the so-called Heath et al. (1992) modelling
approach. Here not only the short-term interest rate but also the dynamics of the
family of forward rates are the modelling objects. This modelling approach high-
lights the dynamic relationship between different interest rate dependent objects,
which has to be satisfied in a continuous time dynamic setting without arbitrage,
like bonds of different maturities, yields, forward rates, etc. Whereas in earlier
models the drift and the volatility terms could be chosen independently of each
other, the degree of freedom was now reduced so that only one of these terms could
be specified exogenously: an important restriction on the drift parameter in relation
to a chosen volatility structure was established.

The strength and elegance of the Heath, Jarrow, and Morton model comes from
the exogenous modelling of the instantaneous forward rate processes. However,
this is also the most critical aspect of the model: the instantaneous interest rates
are theoretical objects defined by taking the limit as the compounding interval
approaches zero. These rates do not correspond in any simple way to interest rates
observed in real financial markets. Observable futures prices and rates and forward
rates are endogenously determined within this modelling approach. What happens
if we now exogenously specify the much richer family of futures prices, i.e. richer
in the sense that a futures has many more payment days than the corresponding
forward contract? This question will be addressed in the following. Furthermore,
we will analyze whether a consistent market model based on futures prices can be
established to overcome the non-adequate behavior of the forward-based market
model where we cannot price both swaps and caps with the same log-normality
assumption.

The paper emphasizes four main results. First, given the richer structure of the
futures market model, the expected future spot rate under the martingale measure is
equal to the initial instantaneous futures rate. So far a similar result is only known
under the forward risk-adjusted measure where the expected future spot rate equals
the corresponding forward rate. Second, futures prices can be used to calculate the
volatility structure. This result is in the spirit of Breeden and Litzenberger (1978).
They showed the relationship between market prices of options and the implied
kernel distribution. Third, using the futures price as a numéraire nominal futures
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rates are martingales under the new corresponding measure. Fourth, assuming a
log-normal volatility structure for futures rates similar to the LIBOR Market Model,
closed form solutions for options on the Eurodollar Futures are derived.

The paper is organized as follows: in section 2 we recall some known results and
present some definitions. Section 3 contains the main model of futures prices related
to the term structure of interest rates. In this section new restrictions concerning the
volatility structure of the futures price process are presented. Applications of the
futures market model are analyzed in section 4. In section 5 we discuss the inter-
relationship between the Heath, Jarrow, Morton modelling and the futures-based
approaches.

2 Spot, forward and futures prices

The construction of an arbitrage-free model for financial instruments starts with
the definition of the underlying securities. This step is usually not difficult. Nev-
ertheless, this modelling step asks for particular care in the case of an interest rate
market. There is nothing like the interest rate. Instead, different concepts of interest
rates have to be reflected.

The terminology in this paper includes spot, forward and futures prices as well
as the concept of nominal and instantaneous interest rates on spot, forward and
futures markets. A spot price is the amount of money that we have to pay now
(today) to get immediate ownership of a specific good or security. Since we restrict
ourselves to the interest rate market, the basic securities are coupon or zero coupon
bonds. Setting the face value to one, the owner of a zero coupon bond holds the
right to a payment of one unit of account at the maturity of the contract. Denote
by B(t, τ ) the spot price at time t ≤ τ of a zero coupon bond with face value one
and maturity τ.

In contrast to the spot contract, a forward contract is a binding agreement to
deliver a specific good or security at some fixed point in time in the future. Conse-
quently the forward price of a good or security is the amount of money payable at
the delivery date. Since in the case of a forward contract, the closure of the contract
and the delivery date are not identical, the forward price differs from the spot price.
In particular the dimension of the forward price is not money today. With respect to
the interest rate market we restrict ourselves to forward contracts on zero coupon
bonds. Set t ≤ u ≤ τ and define by F(t, u, τ ) the forward price of a zero coupon
bond with maturity τ and delivery at time u. At time t the forward price F(t, u, τ )
is determined in such a way that the value of the forward contract equals zero.

Closely related to spot prices are spot and forward interest rates. A forward
interest rate is an interest rate fixed by two parties for a specific compounding
period in the future. Denote by rn(t, u, τ ) the nominal forward interest rate at time
t for the compounding interval [u, τ ] with t ≤ u ≤ τ. The relationship between
nominal forward rates on the one hand and zero coupon bond spot and forward
prices on the other hand are given by

B(t, τ ) = : B(t, u)

(1 + (τ − u) · rn(t, u, τ ))
,

F(t, u, τ ) = B(t, τ )

B(t, u)
=: 1

1 + (τ − u) · rn(t, u, τ )
.
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The nominal spot rate is obtained for u = t. The concept of nominal spot and
forward rates is the main modelling instrument of the market model approach.
The interest rate concept underlying this class of models is chosen to be close to
observable interest rates. In contrast, most other models of the term structure of
interest rates are defined on the concept of instantaneous spot and forward rates.
Instantaneous interest rates are defined as the limiting concept of nominal interest
rates as the length of the compounding period converges to zero. Assume that the
spot prices of zero coupon bonds are differentiable with respect to the maturity
date. The instantaneous forward rate f (t, ·) : [t, T ] −→ R at time t is defined by:

f (t, u) := lim
τ→u

rn(t, u, τ ) = −∂ ln B(t, u)

∂u
.

As a special case the instantaneous spot rate rc(·) is defined by:

rc(t) : = f (t, t) = lim
τ→t

rn(t, t, τ )

= −∂ ln B(t, u)

∂u

∣
∣
∣
∣
u=t

.

The forward contract as well as the futures contract are agreements between two
parties to exchange a good or security at a specific price in the future. In contrast to
the forward contract, the margin system of a futures contract implies a continuous
cash flow between the two counterparts. The futures price is fixed in such a way that
the value of the futures contract is equal to zero. This implies that the futures price
changes over time and that the cash flow between the counterparts is determined
by the increments of the futures price. As for the forward price, the dimension of
the futures price is not money today. Following Cox et al. (1981), the futures price
is equal to the amount of money necessary to implement a self-financing portfo-
lio strategy with a payoff equal to the value of the underlying security multiplied
by the rollover bank account. Denote by H(t, u, τ ) the futures price at time t if
the underlying security is a zero coupon bond with maturity τ, and delivery is at
time u. Suppose that the marketed-to-market of a futures is continuous. In this case
H(t, u, τ ) is equal to the present value of the payoff

exp

{ u∫

t

rc(s)ds

}

B(u, τ )

at time u ≥ t. This implies that for u > t the forward and futures prices only
coincide if the interest rate is deterministic or if exp

{∫ u
t rc(s)ds

}

is orthogonal to
B(u, τ ). Furthermore, the difference between forward and futures prices is deter-
mined by the model of the term structure of interest rates. For u = t we have

H(t, t, τ ) = B(t, τ ) = F(t, t, τ ).

In the limit u = t we therefore have that

f (t, τ ) = −∂ ln H(t, t, τ )

∂τ
, (1)

rc(t) = −∂ ln H(t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

. (2)
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3 Stochastic model of futures prices

Any of the mentioned definitions for prices and rates can be used as the starting
point of the construction of a model for the term structure of interest rates. Within
the Heath et al. (1992) framework the exogenous assumptions are based on the
concept of instantaneous forward rates. Consequently the stochastic evolution of
spot and forward prices as well as nominal interest rates are determined endog-
enously within this model structure. The market model approach by Miltersen et
al. (1997) and that by Brace et al. (1997) on the other hand are formulated with
respect to nominal forward rates. The idea of this section is to use futures prices
as the primary and exogenous objects of the modelling structure.

From a theoretical point of view one can argue that these approaches are equiv-
alent to each other. Neglecting technical aspects this argument is to some extent
valid and will be discussed in this section. Nevertheless, two aspects should be
stressed at this point.

– First, the information given by futures prices is richer than the one given by
forward prices. In addition to the drift restriction determined by the initial
forward price curve, further no-arbitrage restrictions should be expected. The
mentioned drift restriction is developed in Heath et al. (1992).

– Second, the futures market is a highly liquid market. Banks, companies and
institutional investors are managing large futures positions. Why is a futures-
based model not used to analyze the risk of these positions? Due to the mar-
keted-to-market system the default risk of futures is less crucial than for forward
contracts. To reduce the effects of default risk an empirical study of the term
structure of interest rates should refer to futures market data rather than to
forward market data.

These two aspects serve as the main intuitive justification for the following mod-
elling approach.

3.1 Term structure of futures prices

The futures price is equal to the present value of a self-financing financial strategy
with a payoff equal to the value of the underlying security at delivery multiplied
by the rollover return. Therefore an arbitrage-free model of the term structure of
interest rates implies that the futures price is equal to the expected value of the
underlying security under the martingale measure. Let (�, F, P, Ft ) be a filtered
probability space and let P∗ be a probability measure equivalent to P such that
discounted spot price processes are martingales under P∗. The martingale property
of spot prices implies for futures prices, see e.g. Cox et al. (1981):

H(t, u, τ ) = EP∗ [B(u, τ )|Ft ] = EP∗ [EP∗ [B(u, τ )|Fs]|Ft ]

= EP∗ [H(s, u, τ )|Ft ] ∀t ≤ s ≤ u ≤ τ,

which yields the futures price to be a martingale under P∗. Note that the martin-
gale property of futures prices is not restricted to zero coupon bonds as underlying
securities.
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For the following we apply the usual modelling framework, i.e. the stochastic
processes are defined as stochastic integrals. Assume that the filtration of the prob-
ability space is generated by a k-dimensional Brownian motion {W ∗(t)}t under the
martingale measure P∗. The futures price is therefore a solution of the stochastic
differential equation

dH(t, u, τ ) = H(t, u, τ )σH (t, u, τ ) · dW ∗(t), (3)

where σH (·, u, τ ) : [t0, u] → R
k is the k-dimensional stochastic volatility func-

tion of the futures price. We have to impose the usual restrictions on the volatility
structure in order to guarantee the existence of the solution to the above stochastic
differential equation. Furthermore, the restrictions should allow for the application
of the stochastic Fubini Theorem later on in the paper.1 Moreover, the solution of
the futures price process given by equation (3) is determined by

H(t, u, τ )

= H(t0, u, τ ) · exp

⎧

⎨

⎩
−1

2

t∫

t0

||σH (s, u, τ )||2ds +
t∫

t0

σH (s, u, τ ) · dW ∗(s)

⎫

⎬

⎭
.

(4)

3.2 Implied term structure of forward and spot prices

Since the volatility structure of the futures prices is exogenously given, we are
interested in the implied structure of spot and forward prices and interest rates. For
u = t the futures price is equal to the spot price of the underlying. Therefore the
spot price is a solution of the stochastic differential equation

dB(t, τ ) = ∂ H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

dt + dH(·, t, τ )t

= ∂ H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

dt + H(t, t, τ ) σH (t, t, τ ) · dW ∗(t)

= B(t, τ )
∂ ln H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

dt + B(t, τ ) σH (t, t, τ ) · dW ∗(t).

Under the equivalent martingale measure the drift of the zero coupon bond equals
the spot rate. In addition to the definition of the instantaneous spot rate in equa-
tion (2) the no-arbitrage implies that

∂ ln H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

= rc(t) ∀t ≤ τ. (5)

We can now address our main question: does the initial curve of futures prices
restrict the volatility structure of the term structure of interest rates? This is related
to the approach taken by Breeden and Litzenberger (1978) who derive the ker-
nel distribution from marketed option prices. Our main answer to this question is
positive and can be summarized by the following proposition:

1 For details see Appendix A.1



No-arbitrage conditions and interest rate futures 309

Proposition 1 Suppose that the volatility function of the futures price satisfies the
usual regularity conditions, then:

(i) Under the martingale measure the expected value of the instantaneous spot
rate is determined by the futures price at time t0, i.e.

EP∗
[

rc(t)|Ft0

] = − ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

.

(ii) No-arbitrage conditions imply that the volatility of the futures price must
satisfy a.s.

0 = ∂σH (t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

+ ∂σH (t, u, τ )

∂u

∣
∣
∣
∣
u=t

,

and furthermore

0 = ∂

∂t

(
∂σH (s, t, τ )

∂τ

∣
∣
∣
∣
τ=t

)∣
∣
∣
∣
s=t

+ ∂

∂t

(
∂σH (s, t, τ )

∂t

)∣
∣
∣
∣
s=t

.

(iii) A weaker condition than (ii), derived by taking expectations, is

τ∫

t

∂2 ln H(t0, t, s)

∂t∂s
ds = EP∗

⎡

⎣

t∫

t0

σH (s, t, τ ) · ∂σH (s, t, τ )

∂t
ds

∣
∣
∣
∣
∣
∣

Ft0

⎤

⎦ .

The proof of Proposition 1 is presented in Appendix A.2. The statements in
Proposition 1 concentrate on two aspects.

– First, the initial futures prices completely determine the expected spot rate under
the martingale measure. In other words, the derivative of the futures price is
the best predictor of the spot rate under the martingale measure. This is similar
to the result that the instantaneous forward rate is the best predictor of the spot
rate under the forward risk-adjusted measure.

– Second, the volatility function cannot be specified in an arbitrary manner. Under
the requirement of no-arbitrage, the equations (2) and (5) imply that the deriv-
ative of the futures price is restricted to satisfy the condition

− ∂ ln H(t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

= ∂ ln H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

.

Note that H(t, t, τ ) equals the τ−maturity bond B(t, τ ) which implies that
the left-hand side is equal to the continuously compounded spot rate at time t .
On the right-hand side the derivative of the logarithm of the futures price with
respect to the settlement date is considered. This is equal to the continuously
compounded yield to maturity of the futures contract given a time to maturity
equal to u − t. The condition implies that if the time to maturity of the futures
contract converges to zero, the corresponding yield equals the spot rate. With
respect to continuously compounded rates this result is not too surprising. Note
that this must hold independent of the maturity of the underlying zero coupon
bond. Proposition 1 (ii) gives that the same property is valid if we consider
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the volatilities instead of the rates. Again this restriction has to hold for any
maturity of the underlying bond. The weaker condition in Proposition 1 (iii)
implies that the expected volatility under the martingale measure is determined
by the initial futures prices. Observe that the left-hand side of this equation is
in principle given by the initial futures prices. Thus from an empirical point of
view the expected volatility can be related to observable data. This result is of
particular interest if in addition the volatility is assumed to be deterministic,
see section 4.2.

4 Applications of the futures market model

To further understand the no-arbitrage restrictions given in Proposition 1 we have
to consider specific situations. In the first model we analyze a specification similar
to the LIBOR Market Model. In the second model σH (t, u, τ ) itself is assumed to
have a deterministic development.

4.1 Futures market model and log-normality?

Within the log-normal specification of LIBOR Market Model (see e.g. Miltersen
et al. 1997; Brace et al. 1997)) the volatility of the forward price F(t, u, τ ) for a
fixed compounding period τ − u should be of the form

σF (t, u, τ ) := (1 − F(t, u, τ )) · γF (t, u, τ ),

where the functions γF (., u, τ ) : [t0, u] −→ R
k are assumed to be determin-

istic and sufficiently smooth. Under this assumption the process of the nominal
forward rate (rn(t, u, τ ))t∈[t0,u] is a log-normal martingale under the τ -forward
risk-adjusted measure. Within this section we consider a specific volatility struc-
ture for the futures prices in accordance with the LIBOR Market Model, i.e.

σH (t, u, τ ) := (1 − H(t, u, τ )) γH (t, u, τ ) ∀t ≤ u, (6)

where the functions γH (·, u, τ ) : [t0, u] → R
k are ∀u ∈ [t0, T ] and ∀τ ∈ [t0, T ]

with u ≤ τ deterministic and bounded. Refering to the Bund Futures contract the
implied futures rate in nominal terms rH (t, u, τ ) is defined by:

H(t, u, τ ) =: 1

1 + (τ − u) rH (t, u, τ )
.

With this choice the implied futures rate process can be rewritten as the solution
of the following stochastic differential equation:

drH (t, u, τ ) = −rH (t, u, τ ) γH (t, u, τ )

× (

dW ∗(t) − (1 − H(t, u, τ ))γH (t, u, τ )dt
)

.

Obviously the futures market structure is similar to the modelling assumptions
within the LIBOR Market Model. Nevertheless, defining the volatility of the futures
market in accordance with equation (6) implies that no forward rate process is a
log-normal martingale under the appropriate forward risk-adjusted measure. The
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log-normality for the corresponding nominal forward rate process under the τ -for-
ward risk-adjusted measure is fulfilled if a deterministic function γF (., u, τ ) exists
such that

σH (t, t, τ ) − σH (t, t, u) = (1 − F(t, u, τ )) · γF (t, u, τ ).

Instead, the specification (6) implies that this function should equal

γF (t, u, τ ) = (1 − B(t, τ )) γH (t, t, τ ) − (1 − B(t, u)) γH (t, t, u)

B(t, τ ) − B(t, u)
× B(t, u).

Even if we assume γH (., ., .) to be constant, a stochastic specification of the func-
tion γF (., ., .) is implied. In other words, the Black formula for caplets and floorlets
is not satisfied. The reason for this strong property is that the assumption that (6)
is valid for all τ is a much stronger assumption than the corresponding one in
the LIBOR Market Model. In particular log-normality within the LIBOR Market
Model can only be imposed on one specific compounding period τ −u. As we will
see, the same property holds within the futures market model.

We will now analyze whether the above log-normal volatility structure for the
futures prices satisfies the conditions in Proposition 1. Inserting the expression for
σH (t, u, τ ) into (ii) of Proposition 1, leads to the condition

∂ H(t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

γH (t, t, t)

= −∂ H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

γH (t, t, τ ) + (1 − H(t, t, τ ))
∂γH (t, u, τ )

∂u

∣
∣
∣
∣
u=t

which can be reformulated to

B(t, τ ) =
rc(t) γH (t, t, t) + ∂γH (t,u,τ )

∂u

∣
∣
∣
u=t

rc(t) γH (t, t, τ ) + ∂γH (t,u,τ )
∂u

∣
∣
∣
u=t

. (7)

Observe that B(t, t) = 1. In addition, we want to restrict the volatility struc-
ture such that B(t, τ ) is a decreasing function in τ . Before the presentation of
possible structures satisfying this requirement, the implications of the second
no-arbitrage condition in Proposition 1 (ii) will be derived. Inserting the expression
for σH (t, u, τ ) leads to the condition

0 = rc(t)

(

∂γH (t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

+ ∂γH (t, u, τ )

∂u

∣
∣
∣
∣
u=t,τ=t

)

−γH (t, t, t)

(

∂2 H(t, t, τ )

∂τ 2

∣
∣
∣
∣
τ=t

+ ∂2 H(t, u, τ )

∂u∂τ

∣
∣
∣
∣
u=t,τ=t

)

−γH (t, t, τ )
∂2 H(t, u, τ )

∂u2

∣
∣
∣
∣
u=t

− 2rc(t)B(t, τ )
∂γH (t, u, τ )

∂u

∣
∣
∣
∣
u=t

+ (1 − B(t, τ ))
∂2γH (t, u, τ )

∂u2

∣
∣
∣
∣
u=t

. (8)
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A large class of γ -functions could fulfill (7) with B(t, ·) a decreasing function.
However, in particular in equation (8) the term ∂γH (t,t,τ )

∂τ

∣
∣
τ=t restricts the possible

choice of the volatility structure. A valid choice of the volatility structure concern-
ing (7), which at the same time prevents the term ∂γH (t,t,τ )

∂τ

∣
∣
τ=t to equal infinity is

γH (t, u, τ ) = A(t, τ ) (A(t, τ ) + G(t, u))

with

(1) A(t, τ ) being nonnegative, concave and increasing in τ

(2) ∂ A(t,τ )
∂τ

∣
∣
τ=t < ∞

(3) G(t, t) = 1, G(t, u) > 0 and increasing in u.

Choosing e.g. A(t, τ ) = ln(τ − t + 1) and G(t, u) = exp (α(u − t)) with α > 0,
equation (7) is satisfied with B(t, ·) being a positive, convex and decreasing func-
tion in τ . Equation (8) turns into

rc(t) = ln(τ − t + 1) (ln(τ − t + 1) + 1) γH (t, t, τ )
∂2 H(t, u, τ )

∂u2

∣
∣
∣
∣
u=t

+2 rc(t) B(t, τ ) α ln(τ − t + 1) − (1 − B(t, τ )) α2 ln(τ − t + 1).

(9)

Observe now that this expression should be valid for all τ. This means that the
parameters have to be chosen in such a manner that the right-hand side is only a
function of t . At first glance it might seem possible to have (9) satisfied. However,
the choice τ = t turns the right-hand side into 0 with the nonsensical consequence
that rc(t) = 0. Based on this and other analyzed cases, we do not believe that
it is possible to establish a futures market model. In other words the log-normal
volatility specification in equation (6) cannot be satisfied for all t . Similar to the
LIBOR Market Model, log-normality of implied futures rates can only be satisfied
for a finite set of Futures.

4.2 Deterministic volatility model

A first attempt of implementing a model of the type analyzed in this paper would
probably be the use of a model with a deterministic volatility structure. The con-
sequences of assuming a deterministic volatility structure is analyzed in this sub-
section. In the deterministic volatility model it is assumed that the futures prices
are log-normal, i.e. that

dH(t, u, τ ) = H(t, u, τ ) σH (t, u, τ ) · dW ∗(t)

with σH (t, u, τ ) being deterministic. As the futures price turns into a bond price
at the maturity date of the futures, and as we want to model the possibility that
the futures price deviates from the corresponding forward price, we choose the
futures volatility function to be equal to the product between the volatility function
for the corresponding forward price, σF (t, u, τ ) := σH (t, t, τ ) − σH (t, t, u) =
ν(t, τ ) − ν(t, u), and a perturbation function. The specification of the latter func-
tion is made such that the two established no-arbitrage conditions on the volatility
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structure are satisfied. A valid choice of σH (t, u, τ ) satisfying these requirements
is

σH (t, u, τ ) = (ν(t, τ ) − ν(t, u))
(

1 − ξ exp
(

− α

u − t

))

,

where α > 0 and ξ ∈ R. The specification of σH (t, u, τ ) is chosen such that
the volatility of the forward prices does not necessarily determine the volatility of
the futures prices in a Futures Market Model. For ξ = 0 the volatility coincides
with the volatility of the corresponding forward contract, whereas the situations
ξ < 0 and ξ > 0 lead to that σF (t, u, τ ) · σH (t, u, τ ) > ‖σF (t, u, τ )‖2 and
σF (t, u, τ ) · σH (t, u, τ ) < ‖σF (t, u, τ )‖2 respectively. As an example we con-
sider an application of this structure leading to the Vasicek (1977) model.

Example 1 Suppose that the futures prices at time t0 are up to some constant deter-
mined by the following function:

−∂ ln H(t0, t, s)

∂s
= f (t0, s) +

k
∑

i=1

ηi e
−βi (s−t0) · [cosh(βi (t − t0)) − 1],

where f (t0, s) is equal to the instantaneous forward rate. η = (η1, . . . , ηk) and
β := (β1, . . . , βk) are k-dimensional constants. In addition, suppose that the vola-
tility is deterministic. Applying Proposition 1 (iii) the volatility of the futures price
has to satisfy

t∫

t0

σH (s, t, τ ) · ∂σH (s, t, τ )

∂t
ds

=
τ∫

t

∂2 ln H(t0, t, s)

∂t∂s
ds

=
τ∫

t

−
k
∑

i=1

ηi · βi e
−βi (s−t0) · sinh(βi (t − t0)) ds

= −
k
∑

i=1

ηi · sinh(βi (t − t0))
(

e−βi (t−t0) − e−βi (τ−t0)
)

= −
k
∑

i=1

ηi

2

[

e−βi t − e−βi τ
] · e−βi t · [e2βi t − e2βi t0

]

= −
k
∑

i=1

ηiβi
[

e−βi t − e−βi τ
] · e−βi t ·

t∫

t0

e2βi s ds

= −
k
∑

i=1

ηiβi

t∫

t0

[

e−βi (t−s) − e−βi (τ−s)
]

· e−βi (t−s) ds.
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This implies that the volatility function should be of the form:

σH (s, t, τ )

=
(√

η1

(

e−β1(t−s) − e−β1(τ−s)
)

, . . . ,
√

ηk

(

e−βk (t−s) − e−βk (τ−s)
))

,

i.e. the above specification of the initial futures prices and the assumption of a
deterministic volatility structure imply that the term structure of interest rates is
determined by a k-factor, non-Markovian Vasicek-type term structure model with
the speed factor β := (β1, . . . , βk) and the volatility of the instantaneous spot rate
equal to

σ := (

β1 · √
η1, . . . , βk · √

ηk
)

.

In other words, Proposition 1 enables us to estimate the volatility structure from
the initial futures prices in the deterministic case. If the volatility is stochastic, the
initial futures prices restrict the volatility structure. In the Vasicek case the solution
for the spot rate is given by

rc(t) = − ∂ ln H(t0, t, s)

∂s

∣
∣
∣
∣
s=t

−
k
∑

i=1

t∫

t0

βi
√

ηi e
−βi (t−s) dW ∗

i (s).

5 HJM and the futures market model

The Heath et al. (1992) formulation uses forward rates as the starting point of their
analysis. In this setup futures prices and futures rates are endogenously determined
and therefore treated like derivative contracts. The starting point of the Futures Mar-
ket Model is to include the initial futures prices and the futures volatility functions
into the modelling framework. The purpose of this section is twofold. First, we want
to clarify the difference between these two viewpoints. Within the Futures Market
Model we therefore have to compute the corresponding dynamics of the forward
prices for continuously compounded as well as for the nominal forward rates. Sec-
ond, it will be shown that the Futures Market Model provides the possibility to
compute the no-arbitrage value for derivative contracts written on futures.

Applying the relationship (1) between forward rates and futures prices, the
forward rates can be expressed as

f (t, τ ) = −∂ ln H(t, t, τ )

∂τ

= −∂ ln H(t0, t, τ )

∂τ
+ 1

2

t∫

t0

∂||σH (s, t, τ )||2
∂τ

ds

−
t∫

t0

∂σH (s, t, τ )

∂τ
· dW ∗(s).
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In addition, the specification of the futures model endogenously fixes the dynamics
of the forward prices and the nominal forward and futures rates. Applying Itô’s
Lemma, the forward price is given by:

dF(t, u, τ ) = d

(
B(t, τ )

B(t, u)

)

= F(t, u, τ ) (σH (t, t, τ ) − σH (t, t, u)) · dW u(t),

where dW u(t) := dW ∗(t) − σH (t, t, u)dt defines a Brownian motion under the
u-forward risk-adjusted measure Qu

dQu

dP∗ :=
B(u,u)
B(t0,u)

exp
{∫ u

t0
r(s)ds

}

1

= exp

⎧

⎨

⎩
−1

2

u∫

t0

||σH (s, s, u)||2ds +
u∫

t0

σH (s, s, u) · dW ∗(s)

⎫

⎬

⎭
.

The first equality is established through the application of Theorem 7.39 in Hunt
and Kennedy (2000)2. Since the forward price process {F(t, u, τ )}t is a martingale
under the u-forward risk-adjusted measure, the nominal forward rate, {rn(t, u, τ )}t ,
is a martingale under the τ -forward risk-adjusted measure, i.e.

drn(t, u, τ ) = d
1

τ − u

(

F(t, u, τ )−1 − 1
)

= − 1

τ − u
× 1

F(t, u, τ )2 dF(t, u, τ )

+ 1

τ − u
× 1

F(t, u, τ )3 d〈 F(·, u, τ ) 〉t

= − rn(t, u, τ )

1 − F(t, u, τ )
(σH (t, t, τ ) − σH (t, t, u)) · dW τ (t).

Similarly, we know that the futures price process (H(t, u, τ ))t is a martingale under
P∗. With reference to the Bund Futures contract the implied futures rate in nominal
terms rH (t, u, τ ) is a solution to the following stochastic differential equation

drH (t, u, τ ) = − rH (t, u, τ )

1 − H(t, u, τ )

(

σH (t, u, τ ) · dW ∗(t) − ||σH (t, u, τ )||2dt
)

.

2 If M(t) and N (t) are the numéraires corresponding to Qu and P∗, respectively, then the
Radon–Nikodym derivative of Qu with respect to P∗ is given by M(u)

M(t0)
/

N (u)
N (t0)
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The process of the implied futures rate (rH (t, u, τ ))t is not a martingale under P∗.
Define for t ≤ u ≤ τ by

dQu,τ
H

dP∗ : =
exp

{∫ u
t0

rc(s)ds
}

H(u,u,τ )

H(t0,u,τ )

exp

{
u∫

t0

rc(s)ds

}

1

= exp

⎧

⎨

⎩
−1

2

u∫

t0

||σH (s, u, τ )||2ds +
u∫

t0

σH (s, u, τ )dW ∗(s)

⎫

⎬

⎭
,

a new probability measure. Under this (u, τ )-futures risk-adjusted measure, Qu,τ
H ,

the process
(

W u,τ
H (t)

)

t with

dW u,τ
H (t) := dW ∗(t) − σH (t, u, τ )dt

is a standard Brownian motion and the implied futures rate is a martingale, i.e.

drH (t, u, τ ) = − rH (t, u, τ )

1 − H(t, u, τ )
σH (t, u, τ ) · dW u,τ

H (t).

The martingale property of the implied futures rate corresponds to a change of
numéraire. In the case of the forward rate adjusted measure a zero coupon bond
is chosen to be the numéraire. The futures risk-adjusted measure is derived by
choosing a futures price multiplied by the bank account as the numéraire. Note
that, for u = t , the (u, τ )-futures risk-adjusted measure and the τ -forward risk-
adjusted measure coincide. Furthermore, if the volatility function of the corre-
sponding futures satisfies the log-normal assumption given by equation (6), the
implied futures rates is a log-normal martingale under the corresponding futures
risk-adjusted measure. The following example illustrates the implication of the
martingale property for the implied futures rate under the futures risk-adjusted
measure:

Example 2 Following the analysis in section 4.1 we can impose the log-normal
assumption (6) on one specific compounding period (τ ∗ − u∗), i.e we assume that
the implied futures rate is a solution of

drH (t, u∗, τ ∗)
= −rH (t, u∗, τ ∗) γH (t, u∗, τ ∗)

× (

dW ∗(t) − (1 − H(t, u∗, τ ∗)) γH (t, u∗, τ ∗)dt
)

= −rH (t, u∗, τ ∗) γH (t, u∗, τ ∗) · dW u∗,τ∗
H (t).

where γH (·, u∗, τ ∗) : [t0, u∗] → R
k is a deterministic function. The implied futures

rate {rH (·, u∗, τ ∗)}t is a log-normal martingale under the appropriate futures risk-
adjusted measure. In this case the no-arbitrage value of futures style options on the
implied futures rate or the futures price is easy to calculate.
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As a first example consider the futures price of a futures style option on the
implied futures rate. The no-arbitrage price of the option with face value V , strike
L on the implied futures rate rH (t, u∗, τ ∗) and maturity s ≥ t is equal to:

V (τ ∗ − u∗)EP∗
[[rH (s, u∗, τ ∗) − L]+ ∣

∣ Ft
]

= V (τ ∗ − u∗)H(t, u∗, τ ∗)E
Qu∗,τ∗

H

[

H(s, u∗, τ ∗)−1[rH (s, u∗, τ ∗) − L]+ ∣
∣ Ft

]

= V (τ ∗ − u∗)H(t, u∗, τ ∗)
× E

Qu∗,τ∗
H

[

(1 + (τ ∗ − u∗)rH (s, u∗, τ ∗))[rH (s, u∗, τ ∗) − L]+ ∣
∣ Ft

]

= V (τ ∗ − u∗)H(t, u∗, τ ∗)
[

rH (t, u∗, τ ∗)N (d1) − L N (d2)

+ (τ ∗ − u∗)rH (t, u∗, τ ∗)
(

rH (t, u∗, τ ∗)eg2
N (d1 + g) − L N (d1)

)]

with

d1/2 :=
ln
(

rH (t,u∗,τ∗)
L

)

± 1
2 g2

g
and g2 :=

s∫

t

||γH (θ, u∗, τ ∗)||2dθ.

Formally the pricing formula of a futures style option on the implied futures rate
corresponds to a sum of two caplet formulas. The main reason for this is that the
implied futures rate is a martingale under the futures risk-adjusted measure and
not under the martingale measure. Furthermore, the margin system implies that the
futures style option is equivalent to a so-called in-arrear cap.

The above pricing formula is based on the definition of the nominal futures
rate. This does not correspond to the definition of the Eurodollar Futures rate. The
implied Eurodollar Futures rate is by definition linear related to the futures price.
From the relation between the futures price and the implied Eurodollar Futures
rate, r̃H is given by

H(t, u∗, τ ∗) =: 1 − (τ ∗ − u∗)r̃H (t, u∗, τ ∗).

Therefore the Eurodollar option corresponds to an option on the futures price. In a
similar way, we can now compute the arbitrage price of a futures style option on a
futures contract with exercise time s ≥ t , s < τ ∗ and strike K :

EP∗
[[

H(s, u∗, τ ∗) − K
]+ ∣

∣ Ft

]

= EP∗
[

H(s, u∗, τ ∗) · [1 − K · H(s, u∗, τ ∗)−1]+ ∣
∣ Ft

]

= H(t, u∗, τ ∗) · E
Qu∗,τ∗

H

[[

1 − K (1 + (τ ∗ − u∗) · rH (s, u∗, τ ∗)
]+ ∣

∣ Ft

]

= H(t, u∗, τ ∗) · [(1 − K ) · N (e1) − (τ ∗ − u∗) · K · rH (t, u∗, τ ∗) · N (e2)
]

= H(t, u∗, τ ∗)(1 − K )N (e1) − K (1 − H(t, u∗, τ ∗))N (e2),
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with

e1/2 :=
ln

(
(1 − K )H(t, u∗, τ ∗)
K (1 − H(t, u∗, τ ∗))

)

± 1
2 g2

g

and g2 :=
s∫

t

||γH (θ, u∗, τ ∗)||2dθ.

The structure of this formula coincides with the arbitrage price of an option on a
zero coupon bond in the LIBOR Market Model.

In general, under the futures risk-adjusted measure we obtain the following
solutions for the implied continuously compounded futures rate, the continuously
compounded forward rate and the continuously compounded spot rate:

−∂ ln H(t, u, τ )

∂τ
= −∂ ln H(t0, u, τ )

∂τ
−

t∫

t0

∂σH (s, u, τ )

∂τ
· dW u,τ

H (s),

f (t, τ ) = −∂ ln H(t0, t, τ )

∂τ
−

t∫

t0

∂σH (s, t, τ )

∂τ
· dW t,τ

H (s),

rc(t) = ∂ ln H(t0, t, τ )

∂t
+

t∫

t0

∂σH (s, t, τ )

∂t
· dW t,τ

H (s).

This implies that − ∂ ln H(t,u,τ )
∂τ

, the intensity of the futures prices, is a martingale
under the appropriate futures risk-adjusted measure, i.e.

−d

(
∂ ln H(t, u, τ )

∂τ

)

=
(

−∂σH (t, u, τ )

∂τ

)

· dW u,τ
H (t).

As a consequences of the changes of measure on the one side between the futures
risk-adjusted and the forward risk-adjusted measure and on the other side between
the forward risk-adjusted and the martingale measure the corresponding Brownian
motions are related by

dW u,τ
H (t) = dW ∗(t) − σH (t, u, τ )dt

= dW τ (t) + (σH (t, t, τ ) − σH (t, u, τ )) dt.

For u = t we furthermore have dW t,τ
H (t) = dW τ (t) which is based on the fact that

for u = t the futures prices and the forward prices are equal. These relationships
imply that we can express the dynamics of the different instantaneous rates under
any of the mentioned measures. More precisely the instantaneous forward rate can
be expressed as a solution to the following stochastic differential equation:
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d f (t, τ ) =
(

−∂σH (t, t, τ )

∂τ

)

· dW t,τ
H (t) + ∂

∂u

(

−∂ ln H(t, u, τ )

∂τ

)∣
∣
∣
∣
u=t

dt

=
(

−∂σH (t, t, τ )

∂τ

)

· dW τ (t) − ∂

∂τ

(
∂ ln H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

)

dt

=
(

−∂σH (t, t, τ )

∂τ

)

· dW τ (t) − ∂

∂τ
(rc(t)) dt

=
(

−∂σH (t, t, τ )

∂τ

)

· dW τ (t), (10)

where we have used the result on the intensity of the futures price in equation (5)
and changed the order of differentiation to obtain the second equality.

The instantaneous forward rate is a martingale under the appropriate forward
risk-adjusted measure. Similarly, the spot rate is a solution to

drc(t) = d f (t, t) + ∂ f (t, τ )

∂τ

∣
∣
∣
∣
τ=t

dt

=
(

−∂σH (t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

)

· dW ∗(t) −
(

∂2 ln H(t, t, τ )

∂τ 2

∣
∣
∣
∣
τ=t

)

dt. (11)

Example 3 Consider again Example 1 of the Vasicek term structure model and for
simplicity assume the 1-factor version. From equation (10) the forward rate can be
expressed by

d f (t, τ ) = −β
√

ηe−β(τ−t)dW τ (t).

Furthermore, applying equation (11) implies the usual representation of the spot
rate

drc(t) = β[θ(t) − rc(t)]dt + β
√

ηdW ∗(t),

with

θ(t) := − ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

− 1

β

∂

∂τ

(
∂ ln H(t0, t, τ )

∂t

)∣
∣
∣
∣
τ=t

+ βη

2

(

1 − e−2β(t−t0)
)

.

6 Conclusion

The approach taken in this paper is the derivation of a no-arbitrage model based on
futures prices for the term structure of interest rates. At first glance this approach
may seem to be mainly of theoretical interest. This intuition turns out to be wrong
for two reasons.

First, through Proposition 1 the expected spot rate is related to the initial futures
prices under the martingale measure. Second, Proposition 1 implies that the volatil-
ity structure itself is related to the initial futures prices. For short times to maturity
an approximation of futures prices by means of a sufficiently smooth function can
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therefore be used to fix the short end of the term structure of volatility. This means
that, in addition to an estimation on the basis of a time series approach, the implied
term structure of volatility can be expressed by using futures prices. Moreover, the
majority of the volatility structures applied in practice assume a deterministic spec-
ification. In this case our results imply that the initial futures prices can be used to
completely determine this volatility function. This is shown for a multidimensional
Vasicek model.

In addition to these features, the paper adds a new measure transformation
to the existing martingale results. Assuming sufficient regularity, the no-arbitrage
condition implies that discounted spot and futures prices are martingales under
the martingale measure, and that forward prices and forward rates are martingales
under the appropriate forward risk-adjusted measure. It is shown that nominal
futures rates are martingales under the appropriate futures risk-adjusted measure.
As for the case of standard options, this property is central to computing the no-
arbitrage value of futures style options. Parallel to option pricing techniques for
non-futures style options, this measure transformation can be used to efficiently
compute the option value of futures style options.

To show this, we consider a LIBOR market structure. Two results are derived.
First, assuming log-normality of the implied futures rates yields the same structural
problem already known in the LIBOR Market Model. Under no-arbitrage it is not
possible to impose log-normality on all nominal futures rate processes. In contrast
to the LIBOR market this result is not derived by a simple duplication argument
and the instability of the log-normal distribution with respect to summation. In the
futures market case this assumption is not compatible with the no-arbitrage restric-
tions on the volatility given by Proposition 1. On the other hand, these restrictions
do not prevent us from assuming log-normality for a limited number of processes.
In this case future style options on futures prices and futures rates can be calculated
in closed form. This yields in particular a new pricing formula for a Eurodollar
futures option. The interpretation of this formula is closely related to the Blacks
formula for the caplet and floorlet. Instead of the forward rate volatility, the futures
price volatility enters the formula. In addition, the margin system implies an addi-
tional option part which intuitively arises from the payment in advance property
of a futures style option.

A Appendix

A.1 Regularity conditions on the volatility function

Let (�, F, P, Ft ) be a filtered probability space and let P∗ be a probability mea-
sure equivalent to P such that discounted spot price processes are martingales
under P∗. For any tuple (u, τ ) with u ≤ τ we assume that the volatility process
{σH (t, u, τ )}t≤u of the futures price H(t, u, τ ) satisfies the following conditions:

– {σH (t, u, τ )}t≤u is a k-dimensional continuous and adapted stochastic process
with σH (t, τ, τ ) = 0 ∀t ≤ τ.

– The processes of the derivatives
{

∂σH (t,u,τ )
∂u

}

t≤u
and

{
∂σH (t,u,τ )

∂τ

}

t≤u
are

k-dimensional continuous and adapted processes.
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– EP∗
[

exp

{

1
2

u∫

t
||σH (s, u, τ )||2ds

}
∣
∣ Ft

]

< ∞ ∀t ≤ s ≤ u ≤ τ.

– EP∗
[∥
∥
∥

∂σH (s,u,τ )
∂u

∥
∥
∥

2
∣
∣
∣
∣

Ft

]

and EP∗
[∥
∥
∥

∂σH (s,u,τ )
∂τ

∥
∥
∥

2
∣
∣
∣
∣

Ft

]

are bounded on t ≤
s ≤ u ≤ τ.

– There exists a predictable and bounded process {A(t, u, τ )}t with
EP∗ [A(s, u, τ )2 | Ft ] < ∞∀s ∈ [t, u] and EP∗ [∫ u

t A(s, u, τ )2ds | Ft ] < ∞
such that
∥
∥
∥
∂σH (s, u, τ )

∂u
− ∂σH (s, u + δ, τ )

∂u

∥
∥
∥ ≤ A(s, u, τ ) · δ ∀s ≤ u ≤ τ, ∀δ > 0

∥
∥
∥
∂σH (s, u, τ )

∂τ
− ∂σH (s, u + δ, τ )

∂τ

∥
∥
∥ ≤ A(s, u, τ ) · δ ∀s ≤ u ≤ τ, ∀δ > 0.

Furthermore, we assume that at any time t the futures price is continuously
differentiable with respect to the delivery date and the maturity date of the under-
lying zero coupon bond, i.e. ∂ H(t,u,τ )

∂u and ∂ H(t,u,τ )
∂τ

exist.

A.2 Proof of Proposition 1

The no-arbitrage condition (5) implies the following representation for the instan-
taneous spot rate process:

rc(t) = ∂ ln H(t, u, τ )

∂u

∣
∣
∣
∣
u=t

= ∂ ln H(t0, t, τ )

∂t
− 1

2

t∫

t0

∂||σH (s, t, τ )||2
∂t

ds +
t∫

t0

∂σH (s, t, τ )

∂t
· dW ∗(s).

(12)

Taking in (12) the expectation with respect to the information given at time t0, we
find the following relationship between the expected spot rate under the martingale
measure and the futures prices:

EP∗
[

rc(t)
∣
∣ Ft0

]

= ∂ ln H(t0, t, τ )

∂t
−EP∗

⎡

⎣

t∫

t0

σH (s, t, τ ) · ∂σH (s, t, τ )

∂t
ds

∣
∣
∣
∣

Ft0

⎤

⎦ .

(13)

This equation already shows that the expected spot rate and the initial futures
prices are closely related. It still implies a dependency on the volatility structure
of the model. At this point intuition indicates that this model dependency is still
too strong, i.e. initial futures prices should completely determine the expected spot
rate. To examine this, we insert the solution of the futures price in equation (4)
into the definition of the spot rate given by equation (2). To simplify this second
representation of the instantaneous spot rate, notice that, as σH (s, t, t) = 0, we
have that P∗a.s.
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1

2

t∫

t0

∂||σH (s, t, τ )||2
∂τ

∣
∣
∣
∣
τ=t

ds =
t∫

t0

σH (s, t, t) · ∂σH (s, t, τ )

∂τ

∣
∣
∣
∣
τ=t

ds = 0.

With this remark a second representation of the instantaneous spot rate process is
derived by

rc(t) = − ∂ ln H(t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

= − ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

−
t∫

t0

∂σH (s, t, τ )

∂τ

∣
∣
∣
∣
∣
∣

τ=t

· dW ∗(s).

(14)

Taking again expectations, (14) yields for the expected spot rate a second relation-
ship:

EP∗
[

rc(t)|Ft0

] = − ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

. (15)

Moreover, combining the expressions (13) and (15) gives us a first no-arbitrage
condition on the volatility of the term structure of futures prices. At this point of
the analysis this condition is still weak, since it is based on the expectation under
the martingale measure given the information at time t0. More precisely any spec-
ification of the term structure of volatility for the futures prices has to satisfy the
following no-arbitrage condition:

EP∗

⎡

⎣

t∫

t0

σH (s, t, τ ) · ∂σH (s, t, τ )

∂t
ds

∣
∣
∣
∣

Ft0

⎤

⎦

= ∂ ln H(t0, t, τ )

∂t
+ ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

=
τ∫

t

∂2 ln H(t0, t, s)

∂t∂s
ds. (16)

In order to strengthen this condition, we derive the stochastic differential equations
of the spot rate implied by the two representations (12) and (14). To facilitate this
approach, we use the following application of Fubini‘s Theorem:

Lemma 1 Suppose that for any t ≤ τ and s ∈ [t0, t] the drift g(·, t, τ ) and the
k-dimensional volatility function l(·, t, τ ) of a stochastic process {Y (t)}t are given
by

g(s, t, τ ) =
t∫

s

∂g(s, u, τ )

∂u
du + g(s, s, τ ),

l(s, t, τ ) =
t∫

s

∂l(s, u, τ )

∂u
du + l(s, s, τ ).
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By changing the order of integration, the stochastic process {Y (t)}t with

Y (t) =
t∫

t0

g(s, t, τ )ds +
t∫

t0

l(s, t, τ ) · dW ∗(s)

=
t∫

t0

⎛

⎝

t∫

s

∂g(s, u, τ )

∂u
du + g(s, s, τ )

⎞

⎠ ds

+
t∫

t0

⎛

⎝

t∫

s

∂l(s, u, τ )

∂u
du + l(s, s, τ )

⎞

⎠ · dW ∗(s)

is the solution to the stochastic differential equation

dY (t) =
⎛

⎝

t∫

t0

∂g(s, t, τ )

∂t
ds + g(t, t, τ ) +

t∫

t0

∂l(s, t, τ )

∂t
dW ∗(s)

⎞

⎠ dt

+l(t, t, τ ) · dW ∗(t).

Preparing for the application of the Lemma, we define

l(t, u, τ ) := ∂σH (t, u, τ )

∂u
and g(t, u, τ ) := ∂||σH (t, u, τ )||2

∂u
.

Then, applying Lemma 1 we obtain through the no-arbitrage condition (5):

drc(t) =
(

∂2 ln H(t0, t, τ )

∂t2 dt − 1

2

t∫

t0

∂g(s, t, τ )

∂t
ds − 1

2
g(t, t, τ )

)

+
t∫

t0

∂l(s, t, τ )

∂t
· dW ∗(s)

)

dt + l(t, t, τ ) · dW ∗(t).

With the definition

h(s, t) := ∂σH (s, t, τ )

∂τ

∣
∣
∣
∣
τ=t

the same approach using equation (14) yields for the stochastic differential equation
for the spot rate process

drc(t) =
(

− ∂

∂t

(
∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

)

−
t∫

t0

∂h(s, t)

∂t
· dW ∗(s)

)

dt − h(t, t) · dW ∗(t).
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Equating the Wiener driven terms and the drift terms, we find the following two
restrictions on the volatility

−h(t, t) = l(t, t, τ ) (17)
∂

∂t

(
∂ ln H(t0, t, τ )

∂t
+ ∂ ln H(t0, t, τ )

∂τ

∣
∣
∣
∣
τ=t

)

= 1

2

t∫

t0

∂g(s, t, τ )

∂t
ds + 1

2
g(t, t, τ ) +

t∫

t0

(
∂h(s, t)

∂t
+ ∂l(s, t, τ )

∂t

)

· dW ∗(s),

(18)

respectively.
Observe, that the left-hand side of (18) is Ft0 measurable and deterministic.

This implies that the right-hand side also has to be deterministic for all t0 ≤ t ≤ τ.
As a consequence, the process V (t) defined by

V (t)

= 1

2

t∫

t0

∂g(s, t, τ )

∂t
ds + 1

2
g(t, t, τ )

+
t∫

t0

(
∂h(s, t, )

∂t
+ ∂l(s, t, τ )

∂t

)

· dW ∗(s) (19)

has to be a deterministic process. Applying again Lemma 1 to the right-hand side
of (19), we obtain the differential equation for V (t). With only the Wiener terms
explicitly specified we find that

dV (t) = (·) dt −
(

∂h(s, t)

∂t

∣
∣
∣
∣
s=t

+ ∂l(s, t, τ )

∂t

∣
∣
∣
∣
s=t

)

· dW ∗(t). (20)

The requirement that V (t) should be a deterministic process therefore turns into
the requirement that

0 = ∂h(s, t)

∂t

∣
∣
∣
∣
s=t

+ ∂l(s, t, τ )

∂t

∣
∣
∣
∣
s=t

. (21)

Transforming to the futures volatilities (17) and (21) appears as

0 = ∂σH (t, t, τ )

∂τ

∣
∣
∣
∣
τ=t

+ ∂σH (t, u, τ )

∂u

∣
∣
∣
∣
u=t

and

0 = ∂

∂t

(
∂σH (s, t, τ )

∂τ

∣
∣
∣
∣
τ=t

)∣
∣
∣
∣
s=t

+ ∂

∂t

(
∂σH (s, t, τ )

∂t

)∣
∣
∣
∣
s=t

, (22)

respectively. This second no-arbitrage condition, equation (22), on the volatility of
the futures prices is more general than the condition (16).
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